FINITE MODULES OVER Z[i,t i] 

XIANG-DONG HOU 

f^ ' Abstract. Let A = Z[t,t~^] be the ring of Laurent polynomials over Z. We 

^S) . classify all A- modules M with |A/| = p", where p is a primes and n < 4. 

Consequently, we have a classification of Alexander quandles of order p" for 

n < 4. 



1. Introduction 

•^ ' Let A = Z[t,t^^] be the ring of Laurent polynomials over Z, which is also the 

^^ I group ring over Z of the infinite cyclic group. Each A- module is uniquely determined 

by a pair (M, a), where M is an abelian group and a G Autz(Af). The resulting 

A- module, denoted by Ma, is M with a scalar multiplication defined by tx = a{x), 

2 ' X G M. If two A-modules Ma and A^/3 are isomorphic, where a G Autz(M) and 

/? G Autz{N), then M = iV as abelian groups. Moreover, for a,/3 G Autz(M), 

Mq, = Mjj if and only if a and /3 are conjugate in Autz{M). Thus, to classify A- 

modules with an underlying abelian group M is to determine the conjugacy classes 

>■ ofAutz(M). 

\^ I Our interest in finite A-modules comes from topology. In knot theory, a quandle 

r^ ■ is defined to be a set of Q equipped with a binary operation * such that for all 

x,y,z e Q, 

(i) X 'If X = X, 

(ii) ( ) * y is a permutation of Q, 
(iii) {x * y) * z — {x * z) * {y * z). 

Finite quandles are used to color knots; the number of colorings of a knot K by 
a finite quandle Q is an invariant of K which allows us to distinguish inequivalent 
knots effectively [H [2] . 

An Alexander quandle is a A-module M with a quandle operation defined by 



^ 



o 

O 






jrt ' x*y = tx+{l—t)y, x,y G M . The following theorem is of fundamental importance. 

Theorem 1.1 ( 8 ). Two finite Alexander quandles M and N are isomorphic if 
and only if \M\ ~ \N\ and the A-modules (1 — t)M and (1 — t)N are isomorphic. 

Therefore, the classification of finite Alexander quandles is essentially the clas- 
sification of finite A-modules. 

The classification of finite A-modules can be reduced to that of A-modules of 
order p", where p is a prime; see section 2. The same is true for the classification 
of finite Alexander quandles; see section 4. Finite Alexander quandles have been 
classified for orders up to 15 in [8] and for order 16 in O [7]. Also known is the 
classification of connected Alexander quandles of order p^ [3J [5] . (A finite Alexander 
quandle is called connected if 1 — < G Autz(Af ).) The purpose of the present paper 
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is to classify all A- modules and Alexander quandles of order p", n < 4. The 
details of the classification are given in Table 1 in the appendix. For a snapshot, 
there are 5p^ — 2p'^ — 2p — 1 nonisomorphic A-modules of order p"* and there are 
5p'^ — 6p'^ + p"^ — 6p — 1 nonisomorphic Alexander quandles of order p^ . 

In section 2, we show that every finite A- module has a unique decomposition 
where each direct summand M has the following properties: 
(i) \M\ = p"" for some prime p and integer n > 0. 

(ii) When treating t as an element of Endz (M/pM), the minimal polynomial 
of i is a power of some irreducible f E Zp [X] . 
In section 3, we classify such A-modules M of order p" with n < 4. In section 4, we 
derive the classification of Alexander quandles of order p" , n < 4, from the results 
of section 3. For this purpose, we prove the following fact which is of interest in 
its own right: Given a finite A- module N and an integer ^ > 0, a necessary and 
sufficient condition for the existence of a A- module M Z) N such that (1 — t)M — N 
and \M/N\ = I is \N/{1 - t)N\ \ I. 

In our notation, the letter t is reserved for the element t e A = Z[t, i^^]. The 
group of units of a ring R is denoted hy R^; the set of all m x n matrices over R 
is denoted by Mj^xniR)- 

2. Decomposition of Finite A-Modules 
Let M be a finite A-module. For each prime p, let 

Mp^ {x £ M : p"x = for some n > 0}. 
It is quite obvious that 

(2.1) M = 0Mp. 

p 
Moreover, two finite A-modules M and N are isomorphic if and only if Alp = Np 
for all primes p. 

Theorem 2.1. Let M he a finite A-module with \M\ = p". For each irreducible 
f G liplX], let f e Z[X] be a lift of f and define 

(2.2) Mf = {x eM : 7(t)"a; = for some m > 0}. 
Then 

(2.3) M = ^Mf, 

/ 
where f runs over all irreducible polynomials in Zp [X] . Moreover, if N is another 
finite A-module whose order is a power of p, then M = N if and only if Mf = Nf 
for all irreducible f G Tjp [X] . 

Note. Mf depends only on / but not on /. Also, Mf — unless / divides the 
minimal polynomial of t (viewed as an element of Endzp(-M/pAf)). 

Proof of Theorem \2.1\ 1° Let the minimal polynomial of t (g Endz (M/pM)) be 
/i^ ■ • ■ f^'', where /i, . . . , /^ G Zp[Ar] are distinct irreducibles and ei, . . . , efe are 
positive integers. We claim that 



(2.4) M= M/.. 



i<i<fc 
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We first show that J2i<i<k ^hi i^ ^ direct sum. Assume that x £ Mf. n 

(^i<j<k j^i^^fj)- Then there exists m > such that fi{t)"^x = and 

(ni<j<fe,j#, /jW)'"^; = 0. Since %cA{!i,\[^<^<k,2i^^h) = 1' there exist u,v £ 
Zp[X] such that 



^fr+v{ n /.■)" = i- 



l<J<fe 



Let u,v € Z[X] be arbitrary hfts of u, v, respectively. Then 

rri _ ( T-r \ ™ 

m/z +w( II /j) =1 (modp). 



l<J<fe 



Therefore 



Since 



^W/.W'" + «W( n /jW)™eAutz(Af). 



i<j<fe 



i(i)/.(t)'"+u(t)( n /.w 



a; = 0, 



i<j<fe 



we have a; = 0. 

Now we prove that M = X]i<i<fe ^ii- There exist ui,. . . ,Uk € Zp[X] such that 



E «.(n /;')"- 1^ 






Let Mi G Z[X] be a hft of Ui and let F^ = IlKKfc j^t fj ^ ■ Then 

^ u7i^" = 1 (mod p). 

l<i<k 

Thus Ei<i<fe"?(0-P»(i)" e Autz(A/). It follows that 
(2.5) M = J2 P^itTM. 

l<i<k 

Since (IlK.xfc 7^(*)'')^'^ C pM, we have 



/,(i)'=-"i^,(t)"M 



i<j<fc 



Thus Fi{tYM C M/,. Then it follows from ^^ that M = Y.i<i<k ^f.- 

2° Let N be another finite A-module whose order is a power of p. If there 
is a A-module isomorphism (p : AI -^ N, then for each irreducible / € Zp[Ar], 



lA/^. : M/ 



Nf is an isomorphism. Conversely, if Mf = A^j: for all irreducible 



/ e Zp[A], then by ([231), A:^ = N. 
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3. Classification of A-Modules of Order p", n < 4 

3.1. The automorphism group of a finite abeUan group. 

Let p be a prime and let ttt. > n > be integers. Elements of l^m can be viewed 
as elements of Z^n via the homomorphism 



Z„ 



Z„ 



a + p"'Z I — > a+p^^Z, aeZ. 
Likewise, elements of p''"^"Zp7i can be viewed as elements of Zpn, via the embedding 






P" 



\a+p'"L) 



We shall adopt these conventions hereafter. 

Let M = Zpe\ X • ■ • X Zp4 , where n^ > and ei > 
Endz(M) are of the form 



Zp,. 
p'"^"a+p'"Z, aeZ. 

■ • ■ > efe > 0. Elements of 



CTA 



M 

Xi 



A 



M 

Xi 
Xk 



where 



(3.1) 



A = 



^21 ^22 



Xi G Zpc. 



P^'-'^Aik 



2fc 



Afel 



A, 



k2 



A 



kk 



and ^y £ Mm x n (Zp^i ) . Let 9Jt(M) denote the set of all matrices of the form (|3.ip . 
Then 

m{M) — > Endz(M) 

A I > (JA 

is a ring isomorphism. Let GL(M) denote the group of miits of 9H(M). Of course 
GL(A/) = Autz(M) under the above isomorphism. It is known [4, 9 (and also easy 
to prove) that 

GL(Af ) = {A : ^ is of the form dSU with Au e GL(7i,, Zpe. ), l<i<k}. 

The modulo p reduction from GL(Af ) to GL(ni + ■ ■ • + Uk, Zp) is denoted by ( ). 
For each (monic) irreducible / e Zp[X] with f j^ X, define 

GL(Af )/ — {A E GL(Af ) : the minimal polynomial of 

A E GL(ni + • • ■ + Uk, Zp) is a power of /}. 

If a'*-* = (Ail, Ai2, . . . ) is a partition of the integer n^/deg/, 1 < i < fc, we define 

GL(Af) X "^ — {A as in p.ip : the elementary divisors of An 



are/^'\/^*^ 



, , 1 < z < fc}. 



In this setting, our goal is to determine the GL(M)-conjugacy classes in GL(M)/. 
We will proceed according to the structure of (M, +). 
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3.2. (Af,+)=Zpe. 

In this case we must have f = X — a, a E Z^ . The conjugacy classes in GL(M)/ 
are represented by 

[6] , b G Zp= , b = a (mod p) . 

3.3. (M,+)=Z;j. 

In this case we must have deg/ | n. The conjugacy classes in GL(Af)/ are 
represented by the rational canonical forms in GL(n,Zp) with elementary divisors 
f'^^ , f^"^ , ■ ■ ■ , where Ai > A2 > • • • > is a partition of n/ deg /. 

3.4. (A-f,+) ^Zp. X Zp, e> 1. 
In this case, deg / = 1. 

Theorem 3.1. Assume {M, +) = Zpe x Zp, e > 1, and f ^ X - a, a e Zp . The 
conjugacy classes in GL(M)y are represented by the following matrices: 



(i) 
(ii) 
(hi) 



'b 
b 


+ 


'p^'-^a 



'b 
b 


+ 


0' 

1 


, ( 



p^-1 

7 



, < 6 < p'^^ , b = a (mod p), a G Zp. 
< 6 < p"^^, b = a (mod p). 
, < b < p'^^^ , b = a (mod p), 7 € Zp. 



Proof. Elements of GL(M)/ are of the form 



A{b,a,l3,-f) := 



b 




0' 

b 


+ 


'p^-^a 


p^-^p 




where 0<6<p'^ ^ ,b = a (mod p), a,/?, 7 G Zp. Let A{b,a,l5,"f),A{b,a',f3',"f') G 
GL(M)/ and 



P = 



e— 1 ■ 

z w 



G GL(M), x G Z^e , w G Z^ , y, z G Zp 



The equation PA{b, a, (3, 7) = A{b, a' , /3' , ^')P is equivalent to 



p'=-i(a'a; + /3'z) p'^^^P'w 




7'a; 



p'^ "^{xa + y^) p"^ ^x(3 
w"f 

The above equation can be written as a matrix equation over Zp: 



equivalently, 



So, A{b, a, P, 7) and A{b, a', /3', 7') are conjugate if and only if there exist a;, y G Z^ 
and y, z £ Zp such that 



xa + y", 


x/3' 




a'x + 13 


2 


P'w 


w"f 




ix _ 


X y 




'(3 a 




■/3' a'' 




w z 


w 




7 




7' 




X 



(3.2) 








'x y 
w 




'/3 a 
7 







x-\ 


= 


'13' 



a' 

i. 




Let M = 


= { 


' Ii a 
7 


: a 


/5,7€ 


"i 


%}■ F 


Dr 


A^ 


7_ 


, A 


/ 


"/3' 



q'" 



G M, say A -- A' 

if (|3.2p is satisfied for some x^w G Zp and y,z E Zp. It is easy to see that the 
~ equivalence classes in A4 are represented by 
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(i) 

(ii) 
(iii) 






a 











- 




1 



1 



7 



a G 



7 e Zp. 



These matrices correspond to the representatives of the conjugacy classes in GL{M)f 
stated in the theorem. D 

3.5. (M,+)=Z2,. 

In this case, deg / = 1 or 2. 

Theorem 3.2. Assume (M,+) = Z^^. 

(i) Let f ^ X — a, a G Z^ . Then the conjugacy classes in GL(M)j. ' are 
represented by the following matrices: 



(i.l) 
(i.2) 
(i.3) 



a 
6 

a 1 
a 



1 

-bo -5i 



, 0<b<p, b — a (mod p), < a < S < p. 
, 0<b<p, b = a (mod p), a G Zp. 

<b<p, b = a (mod p), X^ + biX + bo G 



'Lp[X] irreducible. 



(ii) Let f = X — a, a (z Z^ . Then the conjugacy class in GL(M) , are repre- 



sented by 

'b 1 
b 



a 0' 

7 



Q <b < p, b = a (mod p), a,"/ E Wip 






1 




a 


/S" 


-bo 


-6i 


+ P 









(iii) Let f = X^ + aiX + oq G 7L.p\X\ be irreducible. Then the conjugacy classes 
in GL(M)/ are represented by 

, < 5o, 6i < p, bo = flo (mod p), 

bi = ai (mod p), a, /3 G Zp. 

Proof. We remind the reader that in the proof, our notation is local in each of the 
three cases. 

(i) Elements of GL(M)\: ' ' are of the form 



A{b,a,f3,-y,6) := 



P 



a [3 
7 5 



< b < p, b = a (mod p), a, (3,j,5e 'Lp. 



Clearly, A(b, a, (3, 7, 5) and A(b, a' , /?', 7', S') arc conjugate in GL(M) if and only if 
are conjugate in M2x2(Zp). The conjugacy classes in M2x2(Zp) 

< a < 5 <p, 

, a G Zp, 



'a 13' 

_7 5\ 


and 


a! 

1' 


,5' 


are represented by 


(1) 


a 
5 


> 


(: 


^) 


a 


1 

a 


, 
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(3) 



1 ■ 

-bo -6i 



X^ + biX + 6o e Zp[X] irreducible. 



These correspond to the matrices in (i.l) - (i.3). 

(2) 

(ii) Elements of GL{M) ^ are conjugate to matrices of the form 



A(6,a,/3,7,(5) 



b 1 
b 



a P 
7 5 



< b < p, b = a (mod p), a, l3,j,S G Zp. 



Assume that P e GL(M) = GL(2, Zp2) such that 

(3.3) PA{b, a, /3, 7, S) - A{b, a', /3', 7', S')P. 

Then over Zp, 



P 



b 1 
5 



& 1 
6 



^, 



which implies that P = [ 
P = 



^f],cez^, deZp. So 



c d 
c 



a; y 

z w 



, x,y,z,w eZp. 



P 



P 



X y 

z w 



Now p.3p becomes 

c d a /3 
c 7 (5 

Over Zp, this becomes 

c d a /3 
c 7 (5 

which can be simplified as 

c d a P 
c 7 5 



6 1 
b 



a' If 
7' 6' 



c d 
c 



b 1 
5 



a; y 

z w 



'c d 
c 




a /3' 
7 S 


+ 


X y 

z w 




'b i 
b 


= 


a' /3'' 
7' (5' 




c d 
c 


+ 


'b 1 
6 




a: y 

z w 



a' /3'' 
7' ,5' 



c d 
c 



z w — x 
-z 



Thus, A{b,a,(3,j,6) and A(6,a', /3',7', (5') are conjugate if and only if there exist 



d,z,w £ Zp such that 



(3.4) 
For A = 



a 13 
7 5 



1 d 

1 

A' = 



a 
7 (5 



1 -d 
1 



z w 
-z 



7' 5' 



q' /3' 
7' S' 



e M2x2(Zp), say v4 ^ A' if (O is satisfied for 

some d,z,wEZp. It is easy to see that the ^ equivalence classes in M2x2(Zp) are 
represented by 

^ Q , a,^€Zp, 

which correspond to the matrices in (ii). 

(iii) Elements of GL(Af )/ are conjugate to matrices of the form 



^(/,a,/3,7,(5) := 





-60 



-fci 



a P 
7 8 



, < 60, fci < P, ^0 = oo (mod p), 
61 = ai (modp), a,/3,7, JeZp. 
Assume that P £ GL(2, Zp2) such that 
(3.5) PA{j, a, P, 7, 5) = A{!, a', /3', 7', 5')P 
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Then over Zp, 

which implies that 
P = ul + V 



P 



-bi 



-bi 



P, 



1 

-bo -bi 



+p 


X 


y 

w 



< u,v < p, (u, v) 7^ (0, 0), X, y,z,w ^ Zp. 



Now p.Sp becomes the following equation over Z^: 
(3.6) 



ul + V 







1 



-bo -bi 



) 


a 

7 


5 


= 


7' 


/3'1 
S' 


(ul + v 


■ 1 ■ 

-6o -bi 


) 




+ 


■ 1 ■ 

-&0 -^1 




X y 

z w 


~ 


X y 

z w 









1 



The space {[_",„_! J X-X[. 
[SI §4.4] and has a basis 



-&o ~bi 
_\^] : X £ M2x2(^p)} has dimension 2 over Zp 



So 



(3.7) 



1 

-6o -^1 

■ 1 

-6o -&i 

can be written as 





'1 0" 




"1 0' 
















- 


1' 




"0 1' 


- 















1 

-bo -bi 

1 

-bo -6i 



-1 
-bo 

bo bi 
-bo 



ul + V 







1 



-bo -bi 



) 


a P 
7 d 


— 


a 

.7 

f 


/3'1 
J' 

c 



ul + V 



— - d-1 "I 

bo fci 







1 



'6o -&i 

c, d G Zp 



Thus A{f,a,(3,j,6) and j4(/, a',/3',7',(5') are conjugate if and only if there exist 

< u,v < V < p, {u,v) ^ (0, 0), and c,d ^ "Lp such that 

(3.8) 



-d 7^-rf^ 

00 oo 





-bo 


1 ■ 


r- 


'a' 

i 


/3'1 
5' 



For A = [^ ^1 , A' = [;;^; ^,'1 e M2x2(Zp), say A ^ A \i ^^ is satisfied for 

some < u,w < p, (u,w) y^ (0,0), and c, d G Zp. It remains to show that the ~ 
equivalence classes in M2x2(Zp) are represented by 



a 




a, (3 (li Zp. 
7, d = —5. Then the left side of (|3.8p becomes 



First, choose w = 1, u = 0, c 
["j' ^'] for some a', /3' G Zp. 

Next, assume that p. 81) holds with 7 = (5 = 7' = 5' = 0. We want to show that 
(a, /?) = (a', /3'). Taking the traces of the two sides of p.8p . we have a = a' . Now 
p.7p with a = a' and 7 = 5 = 7' = <5' = gives 



ua ujS 

-vboa —vbol3 



au — (3'vbo av — j3' {u — vbi) 




-d 
c 



— - d^ 

bo bo 
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Taking the traces, we have vbo/3 = vba/S' . If v 7^ 0, then (3 — /3' . li v — 0, then 
c — d ~ 0, which imphes m/3 — uf3' . Since u 7^ 0, we also have (3 — /3' . D 

3.6. (Af,+) =Zp2 xZ2. 
In this case deg/ — 1. 

Theorem 3.3. Assume [M, +) = Zp2 x Z^ and f = X - a, a e Z^ . 

(i) T/ie conjugacy classes in GL(M) , ' are represented by the following 
matrices: 



(i.l) 



(i.2) 



(i.3) 



(i.4) 



pa 







0" 













"5 




"0 0" 


b 


+ 


1 


b 








'b 




"0 p 


b 


+ 





b 




77 



'b 




"0 p 


b 


+ 


1 


b 








< b < p, b = a (mod p), a £ Zp. 



< b < p, b — a (mod p). 



< b < p, b — a (mod p), rj £ Zp 



< b < p, b = a (mod p). 



x(l)(2) 



(ii) The conjugacy classes in GL(M)l are represented by the following ma- 

trices: 



(h.l) 



(ii.2) 



(ii.3) 



b 1 
b 



la 


0" 















'b 




"0 0' 


b 1 


+ 





b 




1 



'b 




"0 p 0" 


b 1 


+ 





b 




77 



0<6<p, b = a (mod p), a G Zp. 



0<6<p, b = a (mod p). 



, 0<b<p, b — a (mod p), rj £ Zp. 



Proof, (i) Elements of GL(M)l ' are of the form 



A{b,a,...,r]) := 



•JOl 


p/3 


PI 


S 








V 





0_ 



0<5<p, b — a (mod p), a, . . . ^rj <E Zp. 



Assume that P G GL(A'/) such that 

(3.9) PA{b, a, . . . , 77) = A{b, a',..., r]')P. 

Write 

X pY 
Z W 



10 
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wherex e Zp2,Y e Mix2(Zp), Z e M2xi(Zp), W G GL(2,Zp). Then dH]) becomes 



pxa + pY 



W 



Over Zp, this becomes 



xa + r 




w 







px[l3,'y] 


x[/3,7] 



'pa'x+p[(3',y]z p[(3',y]W 
'5' 



V' 



X 







'a'x+[l3',i]z [l3',i]W 



V' 



It is more convenient to write the above equation as 



'x Y' 




"[/5,7] 


a 




W\ 







's 


— 






.''. . 





1/3', 7'] a' 
■5'' 







V' 







X 



So, A(6, a, . . . , r/) and A{b, a' , . . . , rj') are conjugate if and only if 



(3.10) 



'x Y' 




'[P.l] 


a 
'5 




W 










w 



-1 







■[/?', 7'] «' 

'5' 







^' 



for some x<eZ^,W e GL(2,Zp), y e Mix2(Zp), Z G M2xi(Zp). 
Let 

1/3,7] a 



For 



A 



1/3,7] a 
(5' 







A' 



: a, . . . , 77 G Zp L 



1/3', 7'] a' 







V 



eM, 



say A ^ A' if (|3.10p is satisfied. It is easy to see that the ^ equivalence classes in 
^A are represented by 



(1) 
(2) 
(3) 
(4) 



■[0 0] 
■[0 0] 
"[10] 
■[10] 



a 
"0" 




1 


"0" 

"1" 





a G Z 



ip, 



77 G Zp, 
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These correspond to the matrices in (i.l) - (i.4). 

(ii) Elements of GL(M)l ' ' ' are conjugate for matrices of the form 



A{b,a,...,ri) 



b 1 
b 



pa 


PP 


PI 


S 








.^ 





0_ 



Q <b < p, b = a (modp), a, . . . , ry S Zp 



Assume that P E GL(M) such that 

(3.11) PAib,a,...,ri)^A{b,a',...,ri')P. 

Write 

X pY 



P = 



Z W 



where x &'l\,Y E Mix2(Zp), Z e M2xi(Zp), W G GL(2,Zp). Since W commutes 
with [ '' ^ ] , we have W = [ q c ] • Equation (|3.1ip is equivalent to 



pY 

W 



1 




1 


1" 




pxa + pY 
W 



px[l3,-i] 









1" 




w 



'pa'x+p[p',Y]Z p[p',Y]W' 



n 



Over Zp, this becomes 



Y 




1 






xa + Y 



W 



x[/3,7] 




1 





Z 







'a'x+[p',i]Z [p',i]W 



which can be written as 



'x Y' 




'[P,l] 


a 




Y 


1' 








"[/?', 7'] 


a' - 




'w z 


W 







'5 


+ 




l' 




— 





'5'' 

1 




X 






.'^J- 









Z 






y.- 




















So, A{b, a, . . . , 77) and A{b^ a' , . . . , rj') are conjugate if and only if 
(3.12) 



'x Y' 
W 


"[/3,7] 



a 
■(51 





/-i 


z 1 




Y 


1' 



yy-i Y 





1' 




z 




lW,i'] 


a' - 






+ 


"■ 


, , ^ 


= 




S' 


U 


X 1 







1 



wz 







yJJ 



for some a; e ZjJ , y e Mix2(Zp), Z e M2xi(Zp), W = [<= f] eGL(2,Zp). 
Let 

1/3,7] a 

M^\ . r,5i 







: a,. . . ,r/ e Zp|. 
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For 



A 



[Hn] 


a 




r[/5',7'] 


a' 





'5 


, A' ^ 





'S' 

v' 



eM, 



say A ^ A' a p.l2p is satisfied. It remains to determine the representatives of tlie 
~ equivalence classes in A1. 

In ([312]) . we may assume W =[^f]hy replacing x, Y, W, Z with ^x, \Y, \W, cZ, 
respectively. Let y = [j/i , 1/2] , -^ = [ zj ] ■ Then p.l2p becomes 
(3.13) 



6x 



\- drjx 
r]x~^ 



Z2 



P' 


i 


a'' 








5' 








^'\ 



We claim that the ^ equivalence classes in M are represented by 

"[0 0] a 



(1) 



(2) 



(3) 



[0 0] 



[10] 



a G Z, 



pi 



7? e Zp. 



The proof of (ii) will be complete when this claim is proved. 

First, it is clear that matrices from different families of (1) - (3) are not ^ equiv- 
alent. So it remains to show that every A G Ai can be brought into one of the 
"canonical forms" in (1) - (3) through ^ equivalence, and the entries in the canon- 
ical form are uniquely determined by A. 



Let 



A = 



1/3,7] 



eM. 



First assume /3 = and 77 = 0. Then 
LHS of (iTT3)l 



[0 0] 




if and only if 

(3.14) 

and 
(3.15) 



x-f + yi= 0, 
Sx-^ + Z2 = 0, 



a + 7(5. 



System (|3.14p has a solution (a;, 1/1,22) — (1j^7j^<5)- Equation ()3.15p shows that 
a' is uniquely determined by A. 
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Next, assume (3 = and 77 ^ 0. Then 

LHs of (ixra = 

if and only if 



[0 0] 
1 



(3.16) 



x-f + yi= 0, 

a + XJZ2 + yiSx^^ 

^r]x^^ = 1. 



V2r]x 

Z2=0, 



yiZ2 = 0, 



System (|3.16p has a solution (d,x,yi,y2,Z2)- (Let d be arbitrary. Solve for x form 
the last equation, j/i from the first equation, Z2 from the third equation, and 2/2 
from the second equation.) 
Finally, assume /3 7^ 0. Then 



LHS of (IXT^ = 



[10] 



if and only if 



(3.17) 



and 



(3.18) 



'xl3 = 1, 

—x/3d + xj + yi =0, 

a + xfizi + x"fZ2 + yi5x^^ + y2iix^^ + 2/1^2 = 0, 
5x~^ + drjx^^ + 22 = 0, 



rj' = riP. 



System (|3.17p has a solution {d,x,yi,y2, zi,Z2). (Let yi and 2/2 be arbitrary. Solve 
for x from the first equation, d from the second equation, Z2 from the last equa- 
tion, and zi from the third equation.) Equation p.l8|) shows that 77' is uniquely 
determined by A. D 

3.7. Classification of A-modules of order p", n < 4. 

The classification of A-modules of order p", n < 4, is obtained by combining 
the results in 3.2 - 3.6 and using Theorem 12.11 A complete description of the 
classification is given in Table [T] in the appendix. From Table [1] we find that the 
number of nonisomorphic A-modules of order p" is 



(3.19) 



1 


if n = 


p-1 


if n= 1 


2p^-p-l 


if n = 2 


3p3 _ 2p2 _ 1 


if n = 3 


5p4 - 2p3 _ 2p - 


- 1 if n = 4 
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4. Finite Alexander Quandles 

By Theorem II. ![ the classification of finite Alexander quandles M is the same 
as the classification of finite A-modules of the form (1 — t)M. First, the following 
question has to be answered: Given a finite A-module N and an integer I > 0, does 
there exist a A-module M D N such that (1 - t)M = N and |Af/A| = /? Assume 
that such an M exists. Since 

M/(l - t)M i^ (1 - t)M/{l - tfM = A/(l - t)N 

is an onto A-map, we have |A^/(1 — ^Aj | I. We will see in Theorem 14.31 that 
A/(l — t)N\ I I is also a suSicient condition for the existence of M. 

Lemma 4.1. Let N C M he ahelian groups and let a : N ^ N and a : M ^ N be 
"L-maps such that SJat — a. If I — a G Aut(A), then 1 — a G Aut(M). 

Proof. We first show that 1 — a is 1-1. Let x G ker(l — a). Then 

= a(0) = a{x — a{x)) = a{x) — a{a{x)) = (1 — a){a{x)). 

Since 1 - a e Aut(A), we have a{x) = 0. Thus x ^ [{1 -a) + a]{x) = 0. 

Now we show that 1 — a : M — > A/ is onto. Let y G M. Since a{y) £ N 
and 1 — a G Aut(A), there exists x e N such that (1 — a){x) = a{y). Then 
y ^ y — a{y) + X — a{x) = (1 — a)(y + x). D 

Theorem 4.2. Let N be a finite abelian group and a G Endz(A). Then there exist 
a finite abelian group M D N with \M/N\ = \N/a{N)\ and an onto homomorphism 
a : M ^f N such that a|jv = Oi. 

Proof. We may assume that A is a finite abelian p-group. If a{N) = N, there is 
nothing to prove. So assume a{N) ^ N. Let |A/a(A)| = p'^ and rank A = r (the 
number of cyclic summands in a decomposition of A). We will inductively construct 
finite abelian p-groups A = Mq C Mi C • • • C Mk and Z-maps a^ : Mi — )► A, 
< i < fc, such that ao = a, \Mi+i/Mi\ = \ai+i{Mi+i) / ai{Mi)\ = p, rankM^ = r, 
and ai+iji/. = ai. Then M = Mk and a — ak have the desired property. 



Mk 
t 



A = M 




A 
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Let < i < k and assume that Mi and at have been constructed. We now 
construct Mi+i and a^+i. 

We claim that the mapping Mi/pMi — >■ N/pN induced by a^ is not 1-1. Oth- 
erwise, since \Mi/pMi\ = p^ = \N/pN\, the mapping is also onto. Then for each 
X € N, there exist yo G Mi and xq £ N such that 

X = ai{yo) +pxo. 

In the same way, xq = cti(yi) +pxi for some yi G Mi and xi G N. Continuing this 
way, we can write 

X = a^iyo +pyi H hp"i/„) +p""'"^a::„, yo,...,y„ G M^, a;„ G iV. 

Choose n large enough such that p""'"^a;„ = 0. Then x ~ ai(yo +rai + • • • +p"y„) G 
ai(Mi). So TV = ai(Mi), which is a contradiction since \ai{Mi) / a{N)\ — p* < p*' — 
\N/a[N)\. 

By the above claim, there exists a G Mi \pMi such that 0:^(0) G pN . Write 
ai{a) ~ pb for some 6 G TV. 

Case 1. Assume 6 ^ ai(A/i). Write Afj = Zp^i x • • • x Zpc^ , ei > • • • > e^ > 0. 
Since a G Af^ \ pAf^, we may assume a = {pw, 1,0), where w G l^p^i x • • • x Zp<!s-i 
for some < s < r. Let Af^+i = A x Zpe^+i x B where A ~ Zp^i x • • • x Zp=3-i , 
B = Zp<!s+i X • • • X Zpc,. . Define Z-maps 

t: M^ = Ax Zpe. X B — > A/^+i ^ Ax Zp.,+i x B 
{x,y,z) I — > {x,py,z) 

Qfj+i : M^+i = Ax Zpe,+i X B — > N 

{x,y,z) I — > ai{x,0, z) + y{b~' at{w, 0,0)) 

Then l is 1-1, a^+it = a-i, and lATi+i/A/il = p = |ai+i(Afi+i)/ai(A/i)|. 

Case 2. Assume 5 G ai{Mi), say, 6 = ai(c), c G Af^. Then ai(a) — pai{c). 
Let ai = a — pc. Then ai G A^i \ pAf^ and ai(ai) = 0. Choose b' £ N \ ai{Mi) 
such that pb' G Q;i(Afi). Write p6' = ai(d), d G Af^. Choose e = or 1 such that 
a' := d + eai ^ pA/^. Then ai(a') — pb' . Now we are in Case 1 with a', b' in place 
of a, 6, respectively. D 

Theorem 4.3. Lei N be a finite K-module with \N/{1 — t)N\ = I. Then there 
exists a finite K-module M D N with \M/N\ = I and (1 - t)M = N. 

Proof. Let a = 1 — t G Endz{N). By Theorem l4.2i there exist a finite abelian group 
M D TV and an onto Z-map a : M ^ A'' such that a | at = a and \M/N\ = \N/a{N)\. 
Since 1-a G Autz(Af), by LemmalJTl l-S G Antz{M). Make M into a A- module 
by defining 

tx = (1 -a){x), X G M. 
Then aA^ is a submodulc of aA/ and (1 - t)M = a(A/) = A^. D 

Corollary 4.4. Lei p be a prime and n a positive integer. Let Mpn be a complete 
set of nonisomorphic K-modules N such that \N\ — p^ , |(1 — t)N\ ^ p> , 2i — j < n. 
For each N G A4p", let Mn D N be a K-module with \Mn\ = p" and (1 - t)MN = 
N. (The existence of Mjq is Mj^i is guaranteed by Theorem \4.3\ ) Then {(ALatj*) '■ 
N G A^pii} is a complete set of nonisomorphic Alexander quandles of order p". 
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Proof. Given a A-module N with |A^| = p* and |(1 — t)N\ = p' , it follows from 
Theorem 14.31 that n > 2i — j is a necessary and sufficient condition on n for which 
there exists a A-module M D N with \M\ = p" and (1 - t)M = N. Now the 
conclusion in the corollary follows from Theorem 11.11 D 

The A-modules in TWpi., n < A, are contained in Tabled] to save space, we will 
not enumerate these modules separately. From Table [T] we find that the number of 
nonisomorphic Alexander quandles of order p" (n < 4) is 



(4.1) 



1 

p-l 

2p2 -2p- 

bp'^ — 6p^ 



if n 
if n 
if n 
if n 



0, 
1, 
2, 
3, 



p^ — 6p — 1 if n = 4. 



The number of nonisomorphic connected Alexander quandles of order p" (n < 4), 
also from Table [H is 



(4.2) 



1 

p-2 
2p2 ~3p~ 
3p3 _ 6p2 
5p^ - 9p^ 



1 



1 



if n = 0, 
if n = 1, 
if n = 2, 
if n = 3, 

if n = 4. 



P 

p^ -2p 

Remark. 

(i) (14.11) agrees with the numbers of nonisomorphic Alexander quandles of order 

< 15 in [g. 
(ii) (113) with n = 2 agrees with the results of [3l |8]; (g^ with p" = 2^ agrees 

with the number in 7^ . 
(iii) [7] stated that the number of nonisomorphic Alexander quandles of order 
16 is 24. Our resuh ( (|4T|) with p" = 2^) is 23. It appears that the two 
Alexander quandles in [7 with Im(Id — (f)) —TL^®TLi (notation of [7]) are 
isomorphic. Professor W. E. Clark computed the numbers of nonisomorphic 
quandles of order p" < 2^ using a computer program; his results (with 
n < 4) agree with \\.\\ . 

Appendix: Table 



Table 1. Nonisomorphic A-modules of order p"", n < 4 

71 = 



{M,+) 


matrix of t 


|(l-t)M| 


number 


total 





[0] 


1 


1 


1 


n = 1 


(M,-f) 


matrix of t 


\{\-t)M\ 


number 


total 


7 


[6], 6 e z- 


p" if 5 = 1 


1 


n 1 




pMf 5 ^ 1 


p-2 


p i 
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Table 1 . Nonisomorphic A- modules of order p" , n < 4 (continued) 



n = 2 



n = 3 



(M,+) 


matrix of t 


|(l-t)M| 


number 


total 




[b], bez;. 


p'^ if 6 = 1 


1 




Zp2 


p' iib^l, b = 


IW 


p-l 


p^ -p 




p-iib^l{p) 


[p - 2)p 








'b 


, < 5 < c <p 


p" iib = c=l 


1 




K 


pMf 6 = 1 < c 


p-2 


© 








p^ iib>l 


r.') 




K 




'b I 
b 


, 6 e z - 


pi if fe = 1 


1 


p-l 




p2 if 5 ^ 1 


p-2 




K 




■ 1 ■ 

-5o -6i 


, X^ + biX + bo 


G Zp[X] in 


P^ 


Up'-p) 


hip'-p) 



(M,+) 


matrix of t 


\{l-t)M 


number 


total 




[6], b 


^^K^ 


p'> if fe = 1 


1 




7 , 


pMf M 1, 6 ^ 1 ip-) 


p-l 


3 2 




p'iib^lip'), b = l{p) 


p{p - 1) 


p p 




p'iib^l (p) 


p'ip-2) 








, 6gz;,, cez; 


p'Mf fe = 1, c = 1 


1 




7/ o -v 7/ 




'b 
c 


pMf fe 7^ 1, 6 = 1 (p), c = 1 
or fe = 1, c 7^ 1 


2p-3 


P(P - 1)^ 




p'^iib^l [p), c = 1 

or 6 7^ 1, fe = 1 (p), c 7^ 1 


(p-2)(2p-l) 








pMf & ^ 1 (p), c 7^ 1 


p(p-2)^ 





> 

Q 
D 
O 

Q 

ffi 
O 
G 



Table 1. Nonisomorphic A- modules of order p", n < 4 (continued) 



n = 3 (continued) 



(M,+) 


matrix of t 


|(l-i)M| 


number 


total 


Z„2 X Z„ 




'b 0' 
1 b 


,0<b<p 


pMf 5 = 1 


1 


p-\ 




p^ iib=^l 


p-2 








b p 

7 b 


,0<b<p, -f eZp 


pMf fe = 1, 7 = 


1 




Zp2 X Zp 


pMf 6= 1, 77^0 


p-1 


p{p - 1) 




pMf 6 ^ 1 


p{p - 2) 








'b 
c 
d_ 


,0 <b<c<d <p 


p" if 6 = c = rf = 1 


1 




Z3 


pMf 6 = c = 1 < rf 


p-2 


i'V) 


% 


p2 if fe = 1 < c 


r.') 




pMf 5 > 1 


{Q 








'b 1 
b 
c 


, fe, c e z; 


pMf 6 = c = 1 


1 




^ 


p^ if 6= 1, C7^ 1 
or 67^ 1, c= 1 


2ip-2) 


(p - 1)2 




pMf 6 7^ 1 c 7^ 1 


[p - 2Y 




^ 




'b 1 
b 1 
b 


, 6 e Z- 


p2 if fe = 1 


1 


p-l 




p3 if 6 7^ 1 


p-2 




K 




" 1 ■ 

1 
-bo -bi -b2_ 


, X^ + 62^2 + biX + 60 e Zp[X] in 


p3 


\{p^-p) 


Up'-p) 


^ 




" 1 


v2 , I. V , i^ ^ r^ tv] : „ ^ U7y. 


p if c = 1 


W^-v) 


hpiP-^? 




Oq 




'1 

c 




'V ^ ui^\ -r l-^o t /^p[y\\ 111, c t ^„ 


p3 if C 7^ 1 


\(j?-p){p-2) 





H 



O 
D 

C 

H 

O 
< 
H 



Table 1 . Nonisomorphic A- modules of order p" , n < 4 (continued) 



n = 4 



(M,+) 


matrix of t 


|(l-t)Af| 


number 


total 




[bl 


b e z;. 


p" if 6 = 1 


1 






P' [iby^l,b=l (p^) 


p-1 




Zp4 


pMf6^1 (p-^),5=l (p^) 


p{p - 1) 


p3(p-l) 




pMf6^1 (p^),5=l (p) 


p^(p-l) 






pMf 6 ^ 1 (p) 


p^(p-2) 










p" if 6 = 1, c= 1 


1 






pMf 6y^ 1, &= 1 (p^), c= 1 
or 6 = 1, c 7^ 1 


2p-3 




Zp3 X Zp 




b 


c 


,6ez;3, cGZp^ 


p^ if 6^ 1 (p^), 5= 1 (p), c = 1 
or 6 7^ 1, 6 = 1 (p2), c ^ 1 


2(p-l)2 


p2(p-l)2 








p'^ if 6^ 1 (p), c = 1 

or 6^ 1 (p2), 5= 1 (p), C7^ 1 


p(p-2)(2p-l) 






pMf6^1 (p), c^l 


P'{P-2Y 








\b 


n" 




pMf 6 = 1 


1 




Zp3 X Zp 




I 


b 


,0<6<p2, fo^O (p) 


p^ if 67^ 1, 6ee 1 (p) 


p-1 


p{p - 1) 












pMf 6 ^ 1 (p) 


P(P - 2) 










pMf 6 = 1, 7 = 


1 




Zp3 X Zp 




b 

7 


p2- 

b 


,0<b<p^, b^O (p), 7G Zp 


pMffoT^l, b=l (p) 
or 6 = 1, 7 7^ 


p2-l 


p2(p-l) 








pMf 6 ^ 1 (p) 


p-(p-2) 










pu if 6 = c = 1 


1 






p^ if 6 = 1 < c, c = 1 (p) 


p-1 




K^ 




b 


c 


, < 6 < c < p2 


pMf6=l, c^l (p) 
or 6,c 7^ 1, 6, c = 1 (p) 


P(p-2) + (f) 


fp{p-l) + l\ 








pMf{6,c| = {6i,ci}, fei^l (p),ci7^1, ci = l(p) 


p(p-l)(p-2) 






p4 if 6, c ^ 1 (p) 


/-p(p-2)+l\ 








\b 






pMf 6 = 1 


1 




K^^ 









, &ez;. 


pMf 67^ 1, fe= 1 (p) 


p-1 


p{p - 1) 












pMf 6 ^ 1 (p) 


p{p - 2) 





> 

Q 
D 

O 

Q 

X 

o 



Table 1. Nonisomorphic A- modules of order p", n < 4 (continued) 



n — 4: (continued) 
















(M,+) 


matrix of i 


|(l-t)M| 


number 


total 


Z2 




b 
-pbo 




< 6 <p, 

' X^ + biX + boeZp[X] in 


p2 if 6 = 1 


\{P^-P) 


ip(p-l)2 




/ if 6 / 1 


\{p^-p){p-2) 








b + pa 




, , < 6 < p, a, 7 e Zp 


p^ iib=l, 7 = 


P 




K^ 


p-Mf fo = 1, 7 7^ 


P{P - 1) 


p2(p- 1) 






PI 






pMf 6 7^ 1 


p'{p-2) 




TLl^ 




pa 
_-bo 


1+P0 
-6i 


a,l3 eZp, < 60, &1 <P 
' X^ + biX + bo e Zp[X] in 


P' 


ip2(p2 _p) 


ip2(p2 _p) 








/ if & = 1, c = d = 1 


1 






pMf 6^ 1, fe= 1 (p), c = d=l 
orfe=l, c=l<(i 


2p-3 




Zp2 X Z2 




b 
c 


d 


, foez^2, 0<c<d<p 


pMf 6^1 (p), c = d=l 

or 6^ 1, 6 = 1 (p), c=l<d 
or 6 = 1, c> 1 


i(p-2)(5p-3) 


ip2(p_l)2 








p^ iib^l ip), c=l<d 
or &y^ 1, fe = l (p), 1 


i(p-2)(3p2-6p+l) 






p* if 6^ 1 (p), 1 


ip(p-l)(p-2)^ 








'b 
1 b 



0' 



, < 6 < p, c e z^ 


pMf 6= 1, c= 1 


1 




1, 2 X 1? 


pMf 6 = 1, c 7^ 1 


p-2 


(p-l)2 




pMf 6 7^ 1, c = 1 


p-2 










p* if 6 7^ 1, c 7^ 1 


{p-2)- 








b p 
b 
v 


0' 

b 


, < 6 < p, 77 e Zp 


pMf &= 1, 77 = 


1 




Zp2 X Z2 


p2 if 6 = 1, 77 7^ 


p-l 


p(p - 1) 




I- ' 




pMf 6 7^ 1 


P{P - 2) 




Zp2 X Z2 




b p 
1 b 





b 


n ^ u ^ 


p2 if 6 = 1 


1 


p-l 






^ LI ^ /V 


p4 if 6 / 1 


p-2 





2 
3 

H 
H 

O 
D 

C 

H 

O 
< 
H 



Table 1 . Nonisomorphic A- modules of order p" , n < 4 (continued) 



n = 4 (continued) 



(M, +) 


matrix of t 


\{l-t)M\ 


number 


total 






pMf 6 = 1, c = 1 


1 




/> 9 X 7? 




'b 

c 1 
c 


,5eZp^,, ceZp^ 


pMf6^1, 6 = 1 {p),c = l 
or fe = 1, c 7^ 1 


2p-3 


p(p-l)2 


iLip2 A iLip 


p-^ if 6^ 1 (p), c= 1 

or 6 7^ 1, 6=1 (p), c ^ 1 


(p-2)(2p-l) 






pMf6^1(p), c^l 


P(P - 2)^ 




Zp2 X Zl 




"6 0' 

b 1 

1 b_ 


, <b <p 


p2 if 6 = 1 


1 


p-1 




pMf6^1 


p-2 








'b p 0' 
b 1 
ry 5 


,0<b<p, rj eZp 


pMf 6 = 1, r/ = 


1 




Zp2 X Z2 


p3 if 6 = 1, r/7^0 


p-1 


pip - 1) 






pMf6^1 


p{p - 2) 








c 
d 

e 


, <b < c< d< e <p 


p" if 6 = c = rf = e = 1 


1 






pMf 6 = c = d = 1 < e 


p-2 




K 


p^if6 = c=l<rf 


r.') 


n') 




p^ if 6 = 1 < c 


{'.) 






p4 if 6 > 1 


rr) 








pi if 6 = 1, c = d= 1 


1 




7,"^ 




6 1 

c 


,beZ^, 0<c<d<p 


pMf 67*^ 1, c = d= 1 
or 6=1, c=l<rf 


2(p - 2) 


ip(p-l)2 


^p 


p^ if 6^ 1, c=l<d 
or 6 = 1, c> 1 


i(p-2)(3p-5) 






p* if 6^ 1, 01 


i(p-l)(p-2)- 




rvjA 




"fe 1 

c 1 


, <b <c<p 


pMf 6 = c = 1 


1 


/W\ 


Z% 


p^ if 6 = 1 < c 


p-2 


(2) 






c 


pMf 6 > 1 


{'2') 





> 

Q 
D 
O 
2; 
O 

ffi 
O 
G 



Table 1 . Nonisomorphic A- modules of order p" , n < 4 (continued) 



n==4 (c 


OI 


itinucc 


i) 














(M,+) 


matrix of t 


|(l-t)M| 


number 


total 






'h 1 
h 


1 
b 
c 


, b,c 


ez; 




p2 if 6 = c = 1 


1 




Z4 


p^ if 6= 1, c^ 1 
or 6 y^ 1, c = 1 


2(p-2) 


(p-l)2 




p'' if 6^ 1, c^ 1 


{p-2f 








'b 1 
b 


1 

6 1 
b 


, & 


= 2^p^ 




p3 if 6 = 1 


1 




TL% 


p4 if 6 ^ 1 


p-2 


p-1 


K 




' 
-bo 


1 
-6i 




-Co 


1 


X^ + biX + bo, X^ + ciX + Co e Zp[X] irr 
' {boM)<{co,ci){*) 


P^ 


(|(P^-rt+i) 


(|(P^-P)+i) 


K 




' 
-bo 


1 
-6i 


1 




■ 

1 

1 


,X2 + 6iX + 6oGZp[X]irr 


P' 


i(p^-p) 


W-P) 


%% 




' 




-bo 


1 






1 



-b2 


■ 



1 

-b3_ 


, X* + 63^^ + &2^' + foi^ + boe -LplX] irr 


V^ 


W-P') 


\{p'-p') 



H 



O 
D 

C 

H 

O 
< 



(*) < is a total order in "Li 



Table 1 . Nonisoniorphic A- modules of order p" , n < 4 (continued) 



n = A (continued) 



(M,+) 


matrix of t 


|(l-i)M| 


number 


total 








-b p 

7 b 

c 


,0<b<p, 7GZp, ceZ^, Mc(p) 


P^ if 6=1, 7 = 0, Cy^l 


p-2 


p(p-l)(p-2) 




Zj,2 X Z2 


pMf 6 7^ 1, c = 1 

or 6=1, 77^0, CT^l 


(p-2)(2p-l) 






p^ if 6 7^ 1, c 7^ 1 


p(p~2)(p-3) 




K 




' 1 

-5o -6i 




1 

( 


^■■' + fe2^' + 6iX + 6o e Zp[X] irr, 
' c e z - 


p3 if c = 1 


i(p3-p) 


i(p^-rt(p-i) 






p4 if c ^ 1 


i(p3-p)(p-2) 


> 

Q 






"6 


—Co 


1 

— Cl 


, 6 e Z^, , X2 + ciX + Co G Zp[X] irr 


p2 if 6 = 1 


Kp'-p) 


ip'(p-l)' 


D 
O 


Zp2 X Z2 


p3 if 6 7^ 1, 6 = 1 (p) 


i(p'-p)(p-l) 


Q 












pMf6^1(p) 


l{p^-p)p(p-2) 


G 






" 1 
-feo -&i 


c 
d 


X2 + &iX + &o eZp[X] irr, 
' < c< d<p 


p2 if c = d = 1 


Up'-p) 


\pHp-i? 




K 


p^ if c = 1 < d 


l(p2_p)(p_2) 






p4 if c > 1 


^(P^-P)^^^) 




K 




'b 1 



-Co 


1 


, 5 G Z^, X^ + ciX + coe Zp[X] irr 


p3 if 6 = 1 


i(p^-p) 


Hp-1)' 






pMf 6 7^ 1 


i(p2_p)(p_2) 





